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We overview the basic concepts, models, and methods related to the multi-ﬁeld continuum theory of sol-
ids with complex structures. The multi-ﬁeld theory is formulated for structural solids by introducing a
macrocell consisting of several primitive cells and, accordingly, by increasing the number of vector ﬁelds
describing the response of the body to external factors. Using this approach, we obtain several continuum
models and explore their essential properties by comparison with the original structural models. Static
and dynamical problems as well as the stability problems for structural solids are considered. We dem-
onstrate that the multi-ﬁeld approach gives a way to obtain families of models that generalize classical
ones and are valid not only for long-, but also for short-wavelength deformations of the structural solids.
Some examples of application of the multi-ﬁeld theory and directions for its further development are also
discussed.
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A hundred years have passed since the pioneering work by
Cosserat and Cosserat (1909) where they suggested a way for gen-
eralization of the elasticity theory. Generalized continuum theories
have been extensively developing in various directions since 1950–
60s but the discussions on further development of such theories
and their applications are not closed until now.
1.1. Why continuum modeling?
This question can be answered by analyzing the reasons of suc-
cess of such continuum theories as the conventional elasticity the-
ory, the reasons why it is useful in modeling of lattice structures,
and why the homogenized theories for composites were
developed.
Main reasons are the following: continuum models help to de-
ﬁne macro-characteristics of structured systems and their expres-
sions through structural parameters; they make it possible to use
well-developed mathematical apparatus and methods for develop-
ing the theory and to ﬁnd analytical solutions; in cases when ana-
lytical solutions cannot be found, one can use the effective
numerical methods and software packages based on artiﬁcial dis-
cretization with mesh size greater than the original cell size ofll rights reserved.
: +61 2 6125 8588.
u (A.E. Miroshnichenko).the body; ﬁeld theories, having deep history and traditions, repre-
sent a well developed set of interrelated theories of continuum
mechanics and physics.
However, conventional continuum theories have their limita-
tions that may result in essential errors in the modeling of some
speciﬁc effects or even in qualitative disagreements with experi-
mental observations. Investigation of such effects within the
framework of a ﬁeld theory demands corrections of the conven-
tional theories and leads to the necessity of generalized continuum
models.
1.2. Generalized continuum mechanics: three possible approaches
A starting point for the construction of a generalized ﬁeld the-
ory is the critical analysis and evaluation of the key physical
hypotheses and assumptions of the conventional theory. Some of
those assumptions can be used by a new theory while others can
be weakened or rejected. Such analysis of different generalized
theories has been already performed, for example, by Lomakin
(1970) and by Rogula (1985).
Let us describe several basic approaches that can be employed
for construction of generalized theories descriptive of solids with
complex microstructure.
1.2.1. Intra-cell approach
Here additional internal degrees of freedom for a unit cell are
taken into account. For example, in Cosserat model and in micro-
polar models, rotational degrees of freedom of structural elements
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freedom (Cosserat and Cosserat, 1909; Eringen, 1968). Microscopic
rotational degrees of freedom can be important for the bodies with
elements having ﬁnite sizes and for the bodies with a beam-like
microstructure. Examples are granular media (Limat, 1988; Suiker
et al., 2001; Pasternak and Mühlhaus, 2000, 2002, 2005; Grekova
and Herman, 2004), beam lattices (Bazˇant and Christensen, 1972;
Noor, 1988), masonry walls (Casolo, 2004), structured materials
(Lakes, 1991; Forest et al., 2001), bones, fabric materials, crystal
lattices (Vasiliev et al., 2002, 2005; Pavlov et al., 2006; Ivanova
et al., 2007; Potapov et al., 2009); dielectric crystals (Pouget
et al., 1986; Askar, 1986; Maugin, 1999), and thin ﬁlms (Randow
et al., 2006) among others.1.2.2. Non-local and higher-order gradient models
Another approach to develop continuum models is taking into
account the non-locality (Kröner, 1968; Kunin, 1982; Rogula,
1985; Pasternak and Mühlhaus, 2000, 2002, 2005). Higher order
gradient terms for the ﬁelds are taken into account in higher-order
gradient theories (Aifantis, 1992; Triantafyllidis and Bardenhagen,
1993; Fleck and Hutchinson, 1997, 2001; Peerlings et al., 2001;
Bazˇant and Jirásek, 2002; Askes et al., 2002; Kevrekidis et al.,
2002; Aifantis, 2003; Metrikine and Askes, 2006; Andrianov and
Awrejcewicz, 2008; Askes et al., 2008; Forest, 2009).Fig. 1. (a) A one-dimensional chain of particles coupled by elastic springs and (b) a
one-dimensional chain of ﬁnite size particles with a rotational degree of freedom.1.2.3. Macrocell approach
New class of models can be obtained by considering a macrocell
consisting of several primitive translational cells and, accordingly,
by increasing the number of vector ﬁelds in order to give a better
description of the behavior of the original discrete system. This ba-
sic idea leads to multi-ﬁeld models.
The macrocell method and the multi-ﬁeld theory are the central
subjects of this article.
The abovementioned approaches can be used in various combi-
nations allowing one to describe qualitatively different effects in
bodies with microstructure. Simplest version of the multi-ﬁeld the-
ory includes the low-order gradient terms, but a higher-order gra-
dient multi-ﬁeld theory can also be derived. By increasing the
number of ﬁelds, the multi-ﬁeld approach gives a natural way to
describe both long- and short-wavelength deformations. One can
also apply the multi-ﬁeld theory to a body with microscopic rota-
tional degrees of freedom thus deriving a micropolar multi-ﬁeld
theory. By using combined models one can describe, for example,
short-wavelength distortions in bodies with rotating particles. Fur-
thermore, a combination of these three ideas would result in a
micropolar higher-order gradient multi-ﬁeld theory.
This paper is organized as follows. The basic idea of the multi-
ﬁeld approach is rather simple and it is introduced in Section 2
using a harmonic chain as an example. Generalization of the mul-
ti-ﬁeld theory to 2D case and its application to the media with
microscopic rotational degrees of freedom is considered in Sec-
tion 3. Hierarchy of generalized continuum models describing
dynamical properties of the Cosserat lattice with increasing accu-
racy is obtained. The problem of modeling of short-wavelength sta-
tic and dynamic localized distortions in frame of the multi-ﬁeld
theory is considered in Sections 4. Section 5 is devoted to the sta-
bility problems. Particularly, we develop a multi-ﬁeld approach to
calculate critical loads for a discrete system as well as for a periodic
structure with continuum cells. Non-linear problems are addressed
in Section 6 where we carry out the multi-ﬁeld modeling of the
short-wavelength N-periodic and domain wall structures. Exact
N-periodic and approximate domain wall analytical solutions are
obtained by using multi-ﬁeld models. Section 7 concludes the
paper.2. Dynamics of harmonic chain
In order to demonstrate the basic homogenization techniques
mentioned in Section 1.2, we consider a chain of point-wise parti-
cles of massm coupled by the elastic springs with the stiffness con-
stant c, see Fig. 1(a).
2.1. Discrete model
Transverse displacements of particles, un(t), are governed by
discrete equations of motion
m€un ¼ c unþ1  2un þ un1ð Þ: ð2:1Þ
Dispersion relation for the harmonic waves unðtÞ ¼ ueiðxtknhÞ has
the form
x2 ¼ 4 c
m
sin2
K
2
 
; ð2:2Þ
where we have denoted K = kh.
2.2. Conventional elasticity theory
In order to construct a simple continuummodel, single function
u(x, t) describing the displacements of particles, u(x,t)jx=na = un(t), is
introduced. Replacing in Eq. (2.1)
un1ðtÞ ! uðx h; tÞ; ð2:3Þ
with the help of Taylor series expansions
uðx h; tÞ ¼
XN
r¼0
ðhÞr
r!
@ruðx; tÞ
@xr
; ð2:4Þ
retaining derivatives of up to the second order, N = 2, we come to
the following continuum equation of motion
qutt ¼ Euxx; ð2:5Þ
where q =m/h and E = ch are the averaged macroscopic
characteristics.
Dispersion relation for harmonic waves, uðx; tÞ ¼ ueiðxtkxÞ, has
the form
x2 ¼ c
m
K2: ð2:6Þ2.3. Non-local and higher-order gradient models
Replacement (2.3) in the discrete equation (2.1) leads to differ-
ential in time and difference with respect to space variable non-lo-
cal equation of motion. After exact Taylor expansion (2.4) with
N =1we come to the non-local equation which is differential with
respect to space variable.
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oped by Kröner (1968), Kunin (1982) and Rogula (1985). We will
not further discuss this type of continuum models here.
Retaining derivatives of higher then second order in Taylor
expansion of displacements leads to the higher-order gradient
models. In case N = 4, we come to the equation of the higher-order
gradient theory for the chain
qutt ¼ E uxx þ h
2
12
uxxxx
 !
: ð2:7Þ
This equation, containing micro-structural parameter h, is weakly
non-local. Its dispersion relation has the form
x2 ¼ c
m
K2  1
12
K4
 
: ð2:8Þ
Diffrent variants of higher-order gradient elasticity models have
been constructed and discussed, for example, by Aifantis (1992,
2003), Triantafyllidis and Bardenhagen (1993), Askes et al. (2002,
2008). Continuummodels derived on the basis of Pade approxima-
tions and their implementation in modeling of a spatially discrete
system have been discussed by Kevrekidis et al. (2002), Andrianov
and Awrejcewicz (2008).
2.4. Macrocell approach: multi-ﬁeld models
The conventional long-wavelength model equation (2.5) and
the higher-order gradient model equation (2.7) were obtain by
using single primitive translational cell of the chain and single
function u(x, t) describing displacements of the particles. We
should note that these are some hypotheses accepted in the sin-
gle-ﬁeld models; they are not evident and may be rejected.
In order to obtain equations of two-ﬁeld model, we consider a
macrocell that includes two particles and use different notations
u½12j1 and u
½2
2j for the displacements of odd and even particles of
the chain. Discrete equations of motion for the particles of a mac-
rocell have the following form
m€u½12j1 ¼ c u½22j  2u½12j1 þ u½22j2
 
;
m€u½22j ¼ c u½12jþ1  2u½22j þ u½12j1
 
: ð2:9Þ
Dispersion relation for the wave solution u½12j1ðtÞ ¼ u½1ei xt 2j1½ khð Þ,
u½22j ðtÞ ¼ u½2ei xt2jkhð Þ consists of two branches
x2 ¼ 4 c
m
sin2
K
2
 
; ð2:10Þ
x2 ¼ 4 c
m
cos2
K
2
 
; ð2:11Þ
deﬁned for 0 6 K 6 p/2. First dispersion relation, Eq. (2.10), coin-
cides with the dispersion relation Eq. (2.2), obtained for the primi-
tive translational cell. Second dispersion relation, Eq. (2.11), can be
derived from Eq. (2.2) by replacing K? p  K. Hence, the dispersion
curve of the discrete model derived for the macrocell can be ob-
tained from Eq. (2.2), derived for the primitive cell, by folding with
respect to the line K = p/2.
In order to obtain two-ﬁeld model we use two functions u[1](x,t)
and u[2](x,t) describing displacements of particles in the chain.
Assuming that u[1](x,t)jx=(2j1)h = u2j1(t), u[2](x,t)jx=2jh = u2j(t) and
using Taylor series expansion with derivatives up to the second
order we obtain from Eq. (2.9) the equations for the two-ﬁeld
theory
mu½1tt ¼ c 2u½2  2u½1 þ h2u½2xx
 
;
mu½2tt ¼ c 2u½1  2u½2 þ h2u½1xx
 
: ð2:12ÞIn terms of new ﬁeld functions, u ¼ 12 u½2 þ u½1
 
and
~u ¼ 12 u½2  u½1
 
, Eqs. (2.12) become uncoupled,
qutt ¼ Euxx;
m~utt ¼ c 4~u h2~uxx
 
: ð2:13Þ
The uncoupled form of equations is very useful for analysis and for
ﬁnding multi-ﬁeld solutions.
It is interesting to rewrite Eq. (2.12) in the form
mu½1tt ¼ ch2u½1xx þ c 2 u½2  u½1
 þ h2 u½2  u½1 xxh i;
mu½2tt ¼ ch2u½2xx  c 2 u½2  u½1
 þ h2 u½2  u½1 xxh i;
where we have separated the operators of the conventional elastic-
ity theory, Eq. (2.5), and the additional operator, which describes
the interaction of the ﬁelds. This representation of the model may
be useful for interpretation and further development of the multi-
ﬁeld theory by introducing different hypothesis in the models for
basic ﬁelds and their interactions.
The dispersion relations of the two-ﬁeld model, Eq. (2.12), are
x2 ¼ c
m
K2; ð2:14Þ
x2 ¼ c
m
4 K2
 
: ð2:15Þ
First dispersion relation, Eq. (2.14), is Taylor series expansion of
the dispersion relation for discrete model deﬁned by Eq. (2.2) at
the point K = 0. Second dispersion relation, Eq. (2.15), is Taylor ser-
ies expansion in the vicinity of K = 0 of the dispersion relation de-
ﬁned by Eq. (2.11). Taking into account the above discussion of the
dispersion relations for primitive cell, Eq. (2.2), and macrocell, Eq.
(2.11), one can conclude that the dispersion curve deﬁned by Eq.
(2.15) for the two-ﬁeld model in the interval 0 < K < p/2, being
folded with respect to the line K = p/2 on the interval p/2 < K < p,
approximates the dispersion curve of the discrete model at the
point K = p.
2.5. Intra-cell approach: micropolar model
We have considered two types of generalized continuum mod-
els for the chain, Eq. (2.1), shown in Fig. 1(a). Further generaliza-
tion of the model may be needed in cases when internal degrees
of freedom are to be taken into account. For example, for the chain
of particles having ﬁnite size, shown in Fig. 1(b), a micropolar con-
tinuum model can be derived. Such system will be considered in
Section 3.
2.6. Comparison of the models
Dispersion curves for the discrete and conventional continuum
models are shown in Fig. 2(a) and (b) by solid and dotted lines,
respectively, in dimensionless form, x ¼ x ﬃﬃﬃﬃﬃﬃﬃﬃﬃm=cp . The dispersion
curve for conventional continuum model is tangent line to the dis-
persion curve of the discrete system at the point (k,x) = (0,0).
Thus, the conventional continuum model is applicable for describ-
ing long-wavelength waves. It deﬁnes group velocity but does not
describe dispersion of such waves in the chain. One can see that
the difference of the dispersion curves is large for short-wave-
length waves.
Dispersion curve for the higher-order gradient model, shown in
Fig. 2(a) by dashed line, gives a better approximation for discrete
system in the long-wavelength region. It describes dispersion of
the waves, but it is still incorrect for the short-wavelength waves.
The dispersion curves for the two-ﬁeld model are shown in
Fig. 2(b) by dashed lines. It coincides with the dispersion curve of
the conventionalmodel in the long-wavelength range. Additionally,
Fig. 3. Dispersion curve of harmonic chain (solid line) and (a) three-ﬁeld and (b)
four-ﬁeld continuum models (dashed lines).
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dispersion curve of the discrete system in the short wave region,
where both conventional and higher-order gradient single-ﬁeld
models are inappropriate.
2.7. Three-, four-ﬁeld, and combined models
Let us now consider further development of the multi-ﬁeld
theory.
Three and four-ﬁeld models are obtained by using macrocells
consisting of three and four primitive translational cells and,
accordingly, three and four ﬁeld functions are introduced in order
to describe the displacements of particles of the chain. By introduc-
ing new ﬁelds
U½1 ¼ u½1 þ u½2 þ u½3; U½2 ¼ u½1 þ u½2; U½3 ¼ u½1 þ u½3;
three coupled equations of the three-ﬁeld model split into the equa-
tion of conventional model
mU½1tt ¼ ch2U½1xx
and two additional coupled equations,
mU½2tt ¼ 
1
2
ch2U½2xx  ch U½2x  2U½3x
 
 3cU½2;
mU½3tt ¼ 
1
2
ch2U½3xx þ ch U½3x  2U½2x
 
 3cU½3: ð2:16Þ
Dispersion curves of the three-ﬁeld model consist of three
pieces (Fig. 3(a)). The ﬁrst one coincides with the dispersion curve
of conventional model in the range 0 6 K 6 p/3 and approximates
the dispersion curve of discrete system in the long-wavelength re-
gion. Two other pieces, corresponding to Eqs. (2.16), approximate
the dispersion curve of the discrete system for short waves at the
point K = 2p/3.
The four-ﬁeld model contains four equations and its dispersion
curves split into four pieces (Fig. 3(b)). Two of them coincide with
the dispersion curves of the two-ﬁeld model and approximate the
dispersion curves of the discrete system for long and short waves
at the points K = 0 and K = p in intervals 0 6 K 6 p/4 and
3p/4 6 K 6 p, respectively. Two other equations give dispersion
curves approximating the dispersion curve of the discrete system
for middle wavelength range in the point K = p/2. Set of the four
coupled equations of the four-ﬁeld model can be separated in
four equations, two of which are equations of the two-ﬁeld model
for long and short waves, Eq. (2.12). Two additional equations
specify the two-ﬁeld model for the middle-wavelength range.Fig. 2. Dispersion curve of harmonic chain (solid line) and the dispersion curves of
the continuum models: conventional elasticity theory (dotted line) and (a) higher-
order gradient model and (b) two-ﬁeld model (dashed lines).It is important to note that basic hypotheses of the approaches
discussed in Section 1.2 are independent and can be used in vari-
ous combinations. For instance, higher-order two-ﬁeld model can
be obtained by using discrete equations for macrocell, Eq. (2.9),
retaining derivatives up to fourth order in Taylor series expansions
of the displacements. This model contains Eq. (2.7) of higher-order
gradient single-ﬁeld model and additional higher-order equation,
which reﬁnes the equation of long-wavelength two-ﬁeld model
for short-wavelength range, Eq. (2.13). Another example is the
multi-ﬁeld higher-order gradient micropolar model for Cosserat
lattice, which will be obtained in Section 3, where we consider a
model taking into account rotational degrees of freedom for
particles.3. Multi-ﬁeld models for Cosserat solids
3.1. Cosserat lattice
We consider a Cosserat lattice, i.e. a lattice where each particle
has three degrees of freedom, the displacements, uk, vk, and the
rotation uk. The particles are placed at the nodes of a square lattice
as shown in Fig. 4(a).
The potential energy associated with the elastic bonds between
particles n and n + 1, in local coordinate system, has the following
form
Eðn;nþ1Þpot ¼
1
2
Kn unþ1  unð Þ2 þ 12Ks vnþ1  vn 
1
2
h unþ1 þun
 	 
2
þ 1
2
Gr unþ1 un
 2
; ð3:1Þ
where h is the length parameter, Kn and Ks characterize the stiffness
of the bonds in the longitudinal and transverse directions, respec-
tively, and Gr is the stiffness of the local bond preventing rotation
of the particle.
Potential energy in the form (3.1) is similar to that considered in
the micropolar theory of the elasticity (Eringen, 1968). It is also
used in formulation of the discrete models of granular media (Li-
mat, 1988; Pasternak and Mühlhaus, 2000; Suiker et al., 2001),
and in the models of micro- and nano-scale thin ﬁlms (Randow
et al., 2006). Potential energy of the beam element (Fig. 4(b)),
which is often used for modeling of the beam lattices and for con-
tinuummodeling of bodies with a beam-like microstructure (Noor,
1988), is a particular case of the model (3.1). Potential energy in
the form Eq. (3.1) may be used for modeling of structural media
with ﬁnite size particles (Fig. 4(c)). Such models were constructed
and micro-structural parameters for the potential energy were
Fig. 4. (a) Square Cosserat lattice: coordinate system and notations. Possible mechanical interpretations of the Cosserat lattice with the potential energy of the form (3.1):
(b) beam-like bonding of particles and (c) spring bonding of ﬁnite size particles.
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(2006) and by Potapov et al. (2009). This model is very useful for
better understanding and interpretation of different terms and
parameters of the potential energy (3.1).
In order to obtain equations of motion of kth particle, the
Lagrangian is constructed. Kinetic energy of kth element has the
form Ekkin ¼ 12M _u2k þ 12M _v2k þ 12 J _u2k .
The equations of motion for (n,m) particle have the form
M€un;m ¼ KnDxxun;m þ Ks Dyyun;m þ 12hDyun;m
 
þ 1
2
Kdn Dun;m þ Dxyvn;m
 
;
M€vn;m ¼ KnDyyvn;m þ Ks Dxxvn;m  12hDxun;m
 
þ 1
2
Kdn Dvn;m þ Dxyun;m
 
;
J €un;m ¼ Gr  14Ksh
2
 
Dxxun;m þ Dyyun;m
 
þ 1
2
Ksh Dxvn;m  Dyun;m  4hun;m
 
; ð3:2Þ
where the following notations for ﬁnite differences are used
Dxwn;m ¼ wnþ1;m wn1;m; Dxxwn;m ¼ wnþ1;m  2wn;m þwn1;m;
Dywn;m ¼ wn;mþ1 wn;m1; Dyywn;m ¼ wn;mþ1  2wn;m þwn;m1;
Dwn;m ¼ wnþ1;mþ1 þwnþ1;m1  4wn;m þwn1;mþ1 þwn1;m1;
Dxywn;m ¼ wnþ1;mþ1 wnþ1;m1 wn1;mþ1 þwn1;m1:3.2. Single-ﬁeld long-wavelength, higher-order gradient and non-local
micropolar models
In the single-ﬁeld micropolar model it is assumed that the dis-
crete system can be described by using the vector function
{u(x,y, t),v(x,y, t),u(x,y, t)}, which has the same components as
the vector of generalized displacements of the unit cell
{un, m(t),vn,m(t),un,m(t)}. It is assumed that the vector-function coin-
cides with vector of displacements at nodes (nh,mh), i.e.
uðx; y; tÞ;vðx; y; tÞ;uðx; y; tÞf gj x¼nh
y¼mh
¼ un;mðtÞ;vn;mðtÞ;un;mðtÞ
n o
:
Substituting in the discrete equations wn±1,m±1 with
w(x ± h,y ± h), and using Taylor series expansions
w x h; y h; tð Þ ¼
XNx
r¼0
XNy
p¼0
hð Þr
r!
hð Þp
p!
@rþpwðx; y; tÞ
@xr@yp
ð3:3Þone obtains a set of equations which are differential with respect to
spatial and temporal variables. They are exact in case Nx =1,
Ny =1. Taking into account the derivatives up to Nth order, for
N > 2 we come to an approximate higher-order gradient model.
Keeping derivatives up to the second order we obtain the long-
wavelength single-ﬁeld equations of micropolar model
qutt ¼ Kn þ Kdn
 
uxx þ Ks þ Kdn
 
uyy þ 2Kdnvxy þ Ksuy;
qv tt ¼ Ks þ Kdn
 
vxx þ Kn þ Kdn
 
vyy þ 2Kdnuxy  Ksux;
jutt ¼ Gr  14Ksh
2
 
uxx þuyy
 
þ Ks vx  uy  2u
 
;
ð3:4Þ
where q =M/h2, j = J/h2.
Single-ﬁeld model has been obtained in Suiker et al. (2001)
where the authors have also found the relation between micro-
structural parameters of discrete model and macroscopic parame-
ters by comparing with conventional form of micropolar model.
Higher-order gradient micropolar model with derivatives up to
fourth order was obtained by Pavlov et al. (2006). Non-local Coss-
erat model for Cosserat lattice has been derived and studied by
Pasternak and Mühlhaus (2000, 2002, 2005). Reduced variant of
Cosserat model has been discussed by Grekova and Herman
(2004).3.3. Hierarchy of multi-ﬁeld micropolar models
In order to derive the N-ﬁeld model, we consider a macrocell
consisting of N elementary cells (Vasiliev and Miroshnichenko,
2005; Vasiliev et al., 2005, 2008). Although all elements of the lat-
tice within the macrocell are identical (Fig. 4(a)) they are marked
with different numbers (examples are shown in Figs. 5(a)–(d)).
We use the notations u½sn;mðtÞ;v ½sn;mðtÞ;u½sn;mðtÞ with additional super-
script s ¼ 1;N for the components of the generalized displace-
ments vector for the macrocell. Then, 3N discrete equations of
motion for the particles of the macrocell, marked by different indi-
ces, are constructed. N vector functions u½sðx; y; tÞ;v ½sðx; y; tÞ;
u½sðx; y; tÞg; s ¼ 1;N, are introduced in the N-ﬁeld theory in order
to describe the displacements and rotations of particles with indi-
ces s ¼ 1;N, respectively. By using Taylor series expansions of dis-
placements and rotations in the discrete equations, we come to the
equations of the N-ﬁeld theory.3.3.1. Two-ﬁeld micropolar models
By using the procedure described above, three types of the two-
ﬁeld models, N = 2, corresponding to macrocells presented in
Fig. 5(a)–(c) can be obtained. These models will be referred to as
Fig. 5. Macrocells with different choice of particle numbering used in the derivation of (a)–(c) the three different two-ﬁeld micropolar models and (d) four-ﬁeld micropolar
model.
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functions deﬁned as
u ¼ 1
2
u½2 þ u½1 ; v ¼ 1
2
v ½2 þ v ½1 ; u ¼ 1
2
u½2 þu½1 ;
~u ¼ 1
2
u½2  u½1 ; ~v ¼ 1
2
v ½2  v ½1 ; ~u ¼ 1
2
u½2 u½1 ; ð3:5Þ
the original sets of six equations can be separated into two uncou-
pled sets. One of them relates the components u(x,y, t), v(x,y, t) and
u(x,y, t) and it coincides with the set of equations of the micropolar
theory, Eq. (3.4). Therefore, any of three two-ﬁeld micropolar mod-
els, ‘‘a”, ”b”, and ”c”, include the corresponding single-ﬁeld conven-
tional model and thus, they equally describe the long-wave
deformations. The second set of equations for the components
~uðx; y; tÞ; ~vðx; y; tÞ and ~uðx; y; tÞ varies with the model. For the model
‘‘a”, corresponding to the numbering of elements shown in Fig. 5(a),
additional set of equations has the form
q~utt ¼  Kn þ Kdn
 
~uxx þ Ks  Kdn
 
~uyy  2Kdn~vxy
4 Kn þ Kdn
 
~u=h2 þ Ks ~uy;
q~v tt ¼ 2Kdn~uxy  Ks þ Kdn
 
~vxx þ Kn  Kdn
 
~vyy
4 Ks þ Kdn
 
~v=h2 þ Ks ~ux;
j ~utt ¼ Gr  14Ksh
2
 
~uxx þ ~uyy
  Ks ~uy þ ~vx 
4 Gr þ 14Ksh
2
 
~u=h2:
ð3:6Þ
For the model ”b”, related to Fig. 5(b), additional set of equations
has the formFig. 6. Sections Ky = 0, Kx = p, Kx = Ky of the dispersion surfaces for the discrete system (so
to the second and fourth order derivatives, shown by dashed and dotted lines, respectivq~utt ¼ Kn þ Kdn
 
~uxx þ Ks þ Kdn
 
~uyy þ 2Kdn~vxy
4 Kn þ Ksð Þ~u=h2  Ks ~uy;
q~v tt ¼ 2Kdn~uxy þ Ks þ Kdn
 
~vxx þ Kn þ Kdn
 
~vyy
4 Kn þ Ksð Þ~v=h2 þ Ks ~ux;
j ~utt ¼  Gr  14Ksh
2
 
~uxx þ ~uyy
 
þKs ~uy  ~vx
  8Gr ~u=h2:
ð3:7Þ
Finally, for the model ”c”, related to Fig. 5(c), additional set of equa-
tions has the form
q~utt ¼ Kn  Kdn
 
~uxx  Ks þ Kdn
 
~uyy  2Kdn~vxy
4 Ks þ Kdn
 
~u=h2  Ks ~uy;
q~v tt ¼ 2Kdn~uxy þ Ks  Kdn
 
~vxx  Kn þ Kdn
 
~vyy
4 Kn þ Kdn
 
~v=h2  Ks ~ux;
j ~utt ¼ Gr  14Ksh
2
 
~uxx  ~uyy
 þ Ks ~uy þ ~vx 
4 Gr þ 14Ksh
2
 
~u=h2:
ð3:8Þ
The meaning of Eqs. (3.6)–(3.8) of the two-ﬁeld models will be clar-
iﬁed in Section 3.4.
3.3.2. Four-ﬁeld micropolar model
The four-ﬁeld model corresponds to the macrocell shown in
Fig. 5(d). The set of 12 equations for four vector ﬁelds of general-
ized displacements, u½sðx; y; tÞ; v ½sðx; y; tÞ; u½sðx; y; tÞ; s ¼ 1;4, can
be separated into four sets of equations, (3.4), (3.6)–(3.8). Thus,
the four-ﬁeld model includes the long-wave single-ﬁeld Cosseratlid lines), and the same for (a) the single-ﬁeld and (b) the four-ﬁeld models with up
ely.
Fig. 7. Regions of the ﬁrst Brillouin zone near the points (0,0), (0,p) and (0,0), (p,p),
where the plane-wave frequencies of the two-ﬁeld models equations 3.4, 3.6 and
equations 3.4, 3.7, corresponding to the macrocells ‘‘a” and ‘‘b”, deviate from the
frequencies of the discrete model no more than by 5%.
Fig. 8. The dispersion surface of the micro-rotational waves of the square lattice
and its approximation by the four dispersion surfaces of the four-ﬁeld Cosserat
model. Solid line shows the areas near the corners of the ﬁrst Brillouin zone where
the error in the estimation of frequencies of the discrete system is smaller than 10%.
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in Section 3.3.1 by using the macrocells shown in Fig. 5(a)–(c).
Note that the additional sets of equations of the four-ﬁeld mod-
el, Eqs. (3.6)–(3.8), have the same order as the equations of the
micropolar elasticity theory, Eq. (3.4). This may help in ﬁnding ana-
lytical solutions and in the analysis of the dispersion relations
based on polynomial approximations (Vasiliev, 1993; Gonella,
2007).
3.3.3. Higher-order gradient multi-ﬁeld micropolar models
Different approaches to generalization of the conventional elas-
ticity theory described in Section 1.2 can be used in various combi-
nations. A combination of the micropolar and the multi-ﬁeld
theories was described in Sections 3.3.1 and 3.3.2. By retaining in
the Taylor expansions (3.3) the derivatives up to fourth order,
the models formulated in Sections 3.3.1 and 3.3.2 will be trans-
formed to the higher-order gradient multi-ﬁeld micropolar models.
Higher-order gradient two-ﬁeld micropolar model for the macro-
cell shown in Fig. 5(b) was derived in Vasiliev et al. (2008).
3.4. Plane wave solutions. Comparative analysis of the models
We compare the original discrete model with different contin-
uum approximations by comparing the properties of the corre-
sponding plane wave solutions
u½sn;mðtÞ
v ½sn;mðtÞ
u½sn;mðtÞ
2664
3775 ¼
u½s
v ½s
u½s
264
375 exp i xt  nKx mKy  ;
u½sðx; y; tÞ
v ½sðx; y; tÞ
u½sðx; y; tÞ
264
375 ¼ u
½s
v ½s
u½s
264
375 exp i xt  kxx kyy  ; ð3:9Þ
where u½s; v ½s, and u½s are the amplitudes, x is the frequency, kx, ky
are the wave numbers, and Kx = kxh, Ky = kyh.
3.4.1. Single-ﬁeld micropolar models
The result of the analysis is illustrated in Fig. 6(a). We ﬁx the
parameters Kn, h, M and take the other parameters in the
dimensionless form Ks ¼ Ks=Kn ¼ 1=3; Kdn ¼ Kdn=Kn ¼ 0:74;
Gr ¼ Gr=Knh2 ¼ 1=3; I ¼ I=Mh2 ¼ 1=8. Frequency is also presented
in dimensionless form x ¼ x ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃM=Knp . Cross sections Ky = 0,
Kx = p, and Ky = Kx of the dispersion surfaces for discrete, conven-
tional, and higher-order gradient micropolar models are shown
by solid, dashed, and dotted lines, respectively. The dispersion
curves of the conventional and higher-order gradient single-ﬁeld
models are tangent to the dispersion curves of the discrete system
at the C-point, (Kx,Ky) = (0,0). The higher-order gradient model im-
proves the accuracy of the approximation of the classical micropo-
lar model for long-wavelength waves. It gives a better description
of the wave dispersion. However, for short-wavelength waves,
both single-ﬁeld micropolar models give an essential error.
3.4.2. Two-ﬁeld micropolar models
Six dispersion surfaces of the two-ﬁeld models shown in
Fig. 5(a)–(c) are deﬁned in the regions G½a0 ¼ 0 6 Kx 6 p=2;0 6f
Ky 6 pg; G½b0 ¼ 0 6 Kx; 0 6 Ky; jKx þ Kyj 6 p
 
; G½c0 ¼ 0 6 Kx 6 p;f
0 6 Ky 6 p=2g, respectively, and split into two groups. Three sur-
faces of the ﬁrst group are the surfaces of the single-ﬁeld model,
Eq. (3.4), deﬁned in these regions. As it was already mentioned,
they approximate the dispersion surfaces of the discrete system
for the long waves near the point (0,0) of the ﬁrst Brillouin zone.
The second group of surfaces corresponds to the additional set of
Eqs. (3.6), (3.7) or (3.8). These surfaces being reﬂected on the areas
additional to G½a0 ;G
½b
0 , and G
½c
0 in the ﬁrst Brillouin zone with respectto the planes Kx = p/2, Kx + Ky = p, and Ky = p/2 approximate disper-
sion surfaces of discrete model for short waves near the points
(p,0), (p,p), and (0,p), respectively. Fig. 7(a) and (b) show the
regions near the points (0,0), (0,p) and (0,0), (p,p) of the ﬁrst
Brillouin zone, where the relative error xcont:s xdiscr:s
 
=xdiscr:s
 ;
s ¼ 1;3, in the approximation of the spectrum of the discrete
system by using ‘‘a” and ‘‘b” two-ﬁeld models is smaller than 5%.
Thus, the two-ﬁeld models include the single-ﬁeld model that
reproduces the dynamical properties of discrete system for long
waves. The additional equations (3.6)–(3.8) of the two-ﬁeld models
‘‘a”, ‘‘b”, and ‘‘c” improve the single-ﬁeld micropolar model in the
short-wavelength range near the points of the ﬁrst Brillouin zone
(p,0), (p,p), and (0,p), respectively (Vasiliev and Miroshnichenko,
2005).3.4.3. Four-ﬁeld micropolar model
Dispersion surfaces of the four-ﬁeld model consist of four
groups deﬁned in the region G0 of the ﬁrst Brillouin zone (Fig. 8).
The ﬁrst group includes the surfaces of single-ﬁeld micropolar
model, Eq. (3.4). Three other groups are the surfaces deﬁned in
the region G0 by the additional equations (3.6)–(3.8). These sur-
faces for the four-ﬁeld model, being reﬂected from the region G0
with respect to the planes Kx = p/2, Kx + Ky = p, and Ky = p/2, on
the regions Ga, Gb, and Gc, respectively, approximate the dispersion
surfaces of the discrete model for the short waves near the points
(p,0), (p,p), and (0,p), respectively.
The dispersion surface for micro-rotational waves obtained by
using discrete model is shown in Fig. 8 by solid line for the region
Fig. 9. Auxetic behavior of the lattice with rotating particles: (a) initial conﬁguration and (b) conﬁguration after stretching. The area shown by solid line in (a) transforms to
the area shown by dashed line in (b). Material demonstrates the unusual auxetic property (negative Poisson ratio), i.e., extends in lateral direction being uniaxially stretched.
(c) Structural model of crystal used in Vasiliev et al. (2002) to investigate the auxetic behavior.
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model are shown for the regions G0, Ga, Gb, and Gc. These surfaces
are tangent to the dispersion surface of the discrete model at the
points (0,0), (p,0), (p,p), and (0,p), respectively. The area of the
ﬁrst Brillouin zone near the points (0,0), (p,0), (p,p), and (0,p),
where the relative error j(xcont. xdiscr.)/xdiscr.j of the four-ﬁeld
model is smaller than 10% is shown by solid line.
The sections Ky = 0, Kx = Ky, Kx = p of the dispersion surfaces for
discrete, four-ﬁeld long-wavelength and higher-order gradient
micropolar models are shown in Fig. 6(b) by solid, dashed, and dot-
ted lines, respectively. For comparison, the same curves obtained
by using discrete, single-ﬁeld long-wavelength and higher-order
gradient micropolar models are shown in Fig. 6(a). The four-ﬁeld
model coincides with the single-ﬁeld model in the region G0 within
the interval shown by thick line on Kx axis for long waves (near
C-point), where the single-ﬁeld model demonstrates a good
approximation. The four-ﬁeld model gives also a good approxima-
tion for short waves near the points X = (p,0), M = (p,p), and (0,p).
Before closing this Section, we note that the methods described
above have been used for modeling Cosserat solids consisting of ﬁ-
nite size particles (see Fig. 9). Such solids can demonstrate auxetic
property (negative Poisson ratio). A micropolar continuum model
with this property was derived in Vasiliev et al. (2002) and
Dmitriev et al. (2005), where the relation between macro- and
micro-structural parameters was establishes. It was shown that
the rotational degrees of freedom of ﬁnite size particles are essen-
tial for explaining the negative Poisson ratio exhibited by the
model in a certain range of micro-structural parameters. Two-
and four-ﬁeld models taking into account short-wave rotations
coupled to the long-wave deformations (Fig. 9(b)) were derived
by Vasiliev et al. (2005).Fig. 10. One-dimensional tension of the lattice layer between rigid slabs.4. Multi-ﬁeld modeling of short-wave localized distortions
Typically, discrete and continuum models are compared by
looking at properties of the plane wave solutions of the form
(3.9) in both models. It may also be important to check whether
a continuum model can describe static and dynamic localized dis-
tortions supported by a discrete system, and if yes, what is the
accuracy of the description. The localized distortions can appear
in the form of localized dynamical excitations, static deformations
near surfaces, defects, and concentrated forces in structural solids.
4.1. One-dimensional localized short-wave static and dynamic
solutions in Cosserat lattice
Here we would like to demonstrate that the Cosserat lattice
(Fig. 4(a)) supports such localized distortions that cannot be de-scribed either by conventional elasticity, or by the single-ﬁeld
higher-order gradient micropolar models but they can be de-
scribed by the two-ﬁeld model discussed in Section 3.3.1.
4.1.1. One-dimensional models
The one-dimensional tension-compression of a lattice placed
between two rigid slabs (see Fig. 10) is considered under the
assumption that the displacements and rotations of particles do
not change along the diagonal, i.e., un,m, vn,m, and un,m are constant
for elements (n,m) with n +m = const. Discrete equations of mo-
tion, Eq. (3.2), for displacements Um in the coordinate system Ong
have the form
M€Um ¼ Kn þ Ksð Þ Um1  2Um þ Umþ1ð Þ
þ Kdn Um2  2Um þ Umþ2ð Þ: ð4:1Þ
Higher-order gradient one-dimensional single-ﬁeld model, Eq. (3.4),
has the form
MUtt ¼ Kn þ Ks þ 4Kdn
 
H2Unn þ 112 Kn þ Ks þ 16K
d
n
 
H4Unnnn;
ð4:2Þ
where H ¼
ﬃﬃﬃ
2
p
h=2 is distance between layers.
Similarly, changing the variables and considering one-dimen-
sional displacements, additional equation (3.7) of the two-ﬁeld
model (model ‘‘b” in Section 3.3.1) gives the second equation of
the one-dimensional model
M eUtt ¼ 4 Kn þ Ksð ÞeU  Kn þ Ks  4Kdn H2 eUnn
 1
12
Kn þ Ks  16Kdn
 
H4 eUnnnn: ð4:3Þ
Fig. 11. Dispersion curves for harmonic, KRe = 0, and localized short-wave solutions,
KIm = p, obtained for the discrete system and for the two-ﬁeld models with
derivatives up to second and fourth orders, shown by solid, dashed and dotted lines,
respectively. Points of intersection of dispersion curves with x = 0 plane deﬁne
static solutions.
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from Eq. (4.1) by using general method.
4.1.2. Comparison of the localized dynamic solutions in different
models
It is interesting to compare the discrete, the single- and the
two-ﬁeld models with respect to the solutions of the form
UmðtÞ ¼ UeixtKm and Uðn; tÞ ¼ UeixtKn=H with complex K = KRe +
iKIm, i.e. in the case when KRe is not equal to zero.
The dispersion curves of the discrete model have a branch of
harmonic waves in the plane KRe = 0, a branch of the short wave-
length localized solutions in the plane KIm = p, and a higher fre-
quency branch deﬁned for complex values of K with KRe– 0,
KIm– 0 which starts from the maximal point of the harmonic or
short-wavelength branch. As it was described in Section 3.4, har-
monic branches of the long-wave and the higher-order gradient
single-ﬁeld models approximate harmonic branch of the discrete
model for long waves but they fail to describe the short-wave-
length harmonic waves near the point KIm = p. Single-ﬁeld models
with derivatives up to the second and even fourth order do not give
the short wavelength branch of the localized solutions in the plane
KIm = p. On the other hand, the two-ﬁeld model demonstrates a
good approximation for the branches of harmonic waves in the
plane KRe = 0 for long and short waves near the points KIm = 0 and
KIm = p. Moreover, the two-ﬁeld model has the branch of
short-wavelength localized solutions in the plane KIm = p, which
approximates the branch of the discrete model near the point
(KIm,KRe) = (p,0). The higher-order single-ﬁeld and two-ﬁeld mod-
els give the higher frequency branch for complex values, KRe– 0,
KIm– 0, but inaccuracy demonstrated by the single-ﬁeld model is
relatively large because this branch for discrete system starts in
the short-wave region.
4.1.3. Static solutions
Static solutions of the models are determined by the values
(KIm,KRe) of intersection of dispersion curves with x = 0 plane.
Characteristic equation of the discrete equation (4.1) in the sta-
tic problem has the roots (KIm,KRe) = (0,0) of the second order and
the roots (KIm,KRe) = (p, ± k), where k is the solution of the equation
1þ cosh kþ c 1 cosh2kð Þ ¼ 0; c ¼ Kdn= Kn þ Ksð Þ. General static
solution of Eq. (4.1) has the form
Um ¼ C0 þmC1 þ ð1ÞmekmC2 þ ð1ÞmekmC3: ð4:4Þ
The long-wave, single-ﬁeld model deﬁned by Eq. (4.2) with the
derivatives up to the second order gives the root (KIm,KRe) = (0,0) of
the second order, which gives only linear part of the static solution.
The single-ﬁeld model with derivatives up to the fourth order, Eq.
(4.2), gives four roots, two of which (KIm,KRe) = (0,0) give the linear
part of the solution, however the two other roots do not give the
localized rapidly varying part of the solution because the corre-
sponding branch of the higher-order gradient single-ﬁeld model
belongs to the plane KRe = 0 and, as it was already mentioned, there
are no branches of this model in the plane KIm = p.
By using Eq. (3.5) we ﬁnd U½sðnÞ ¼ UðnÞ þ ð1Þs eUðnÞ, where U(n)
and eUðnÞ are solutions to Eqs. (4.2) and (4.3), respectively. The two-
ﬁeld model with up to the second order derivatives gives the fol-
lowing static solution:
U½sðnÞ ¼ c0 þ c1n=H þ ð1ÞseKn=Hc2 þ ð1ÞseKn=Hc3; s ¼ 1;2:
ð4:5Þ
where K is the root of the equation 4 + (1  4c)K2 = 0.
Solution (4.5) to the two-ﬁeld model is qualitatively similar to
that obtained for the discrete model, Eq. (4.4). Quantitative com-
parison of the two models stems from the fact that the equation
for the parameter K of the static solution to the two-ﬁeld modelis nothing but the Taylor series expansion of the equation for cor-
responding parameter k of the discrete solution, 2(1 + coshk)
+ 2c(1  cosh 2k) = 4 + (1  4c)k2 + O(k4). The parameters K and
k are closer to each other in the case of weak localization, k  0.
Fig. 11 illustrates the results described above. Dispersion curves
for harmonic (plane KRe = p) and localized short-wave solutions
(plane KIm = p) obtained by using the discrete and the two-ﬁeld
models with derivatives up to second and fourth orders are shown
by solid, dashed and dotted lines, respectively. Analysis for the har-
monic waves was made in Section 3.4. The plane KRe = 0 in Fig. 11
corresponds to the plane Kx = Ky in Fig. 6(b). The branch of the
two-ﬁeld model approximates in the plane KIm = p the branch
for the localized solutions of the discrete model at the point
(KIm,KRe) = (p,0). The points of intersections of the dispersion
curves with the plane x = 0 deﬁne static solutions (shown by
circles). We should note here that although the higher-order gradi-
ent two-ﬁeld model is more accurate, it is also more complicated.
Thus, the model with the second order derivatives may be optimal
for applications.
4.2. Short-wavelength localized static distortions near boundaries,
defects, and concentrated forces in beam-like bodies
Micropolar type continuummodels were developed as effective
methods for analysis of the beam-like and plate-like structures
consisting of large number of periodically repeated elements (see
a review by Noor, 1988). Such systems can also be considered as
simple structural models for thin ﬁlms or interfaces. Some meth-
ods and models for such bodies were considered in Gonella
(2007) and Vasiliev (1993, 1996) by introducing multi-cells in dy-
namic analysis and multi-ﬁeld approximations. In this Section we
will give an example of application of the multi-ﬁeld approach to
the structures of this type.
Let us consider the truss system shown in Fig. 12(a). Lateral ten-
sion load f is applied to each node and we take into account the
transverse displacements and neglecting the longitudinal ones.
Suppose that the element with the number n = 0 is broken
(Fig. 12(b)).
Static equations have the form
G1b2 unþ1 þ 2un þ un1ð Þ þ 2G2un ¼ f ; n–0; ð4:6Þ
G1b2 u1 þ 2u0 þ u1ð Þ ¼ f ; n ¼ 0; ð4:7Þ
Fig. 12. (a) Periodic structure consisting of pin-jointed beams under transverse load. Two-ﬁeld approximation of slowly and rapidly varying displacements near (b) defect, (d)
boundaries, and (c) concentrated force.
Fig. 13. Elastically supported multi-link system loaded by the axial force p.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þ b2
p
; G1 ¼ E1A1=r; G2 ¼ E2A2=b, with
E1 and E2 being stiffness coefﬁcients, A1 and A2 being cross areas,
and r, b are the lengths of the beam elements.
Symmetric static solution, u1 = u1, to Eqs. (4.6) and (4.7) can be
presented as a sum of slowly varying solution u ¼ f= 4G1b2 þ 2G2
 
,
which can be obtained as constant solution un = u to Eq. (4.6), and
the rapidly varying part localized near the defect
un ¼ uþ ð1Þn c1 ek ue
kn; nP 0: ð4:8Þ
Here parameter k > 0 is the root of the equation coshðkÞ = 1 + c,
where c ¼ G2=ðG1b2Þ. This parameter describes the degree of locali-
zation of the second part of the solution.
The single-ﬁeld equation, ð4G1b2 þ 2G2ÞuðxÞ ¼ f , which is the
long-wave continuum analog of Eq. (4.6), gives only the ﬁrst part
of the solution, u(x) = u, but it does not produce the rapidly varying
part.
The two-ﬁeld model can be obtained considering the macrocell
consisting of two primitive periodic cells of the structure, introduc-
ing two functions u[1](x) and u[2](x) such that u[1]((2m1)a) = u2m1,
u[2](2ma) = u2m and using the Taylor series expansions with deriva-
tives up to the second order:
2 G1b2 þ G2
 
u½1 þ G1b2 2u½2 þ a2u½2xx
  ¼ f ;
G1b2 2u½1 þ a2u½1xx
 þ 2 G1b2 þ G2 u½2 ¼ f : ð4:9Þ
Eq. (4.7), which is symmetric with respect to x = 0, gives the follow-
ing boundary condition:
G1b2 2u½1ð0Þ þ 2au½1x ð0Þ þ 2u½2ð0Þ
  ¼ f : ð4:10Þ
The solution of the problem (4.9), (4.10) looks as follows:
u½sðxÞ ¼ uþ ð1Þs c
1 ð1 lÞ ue
lxa; l ¼
ﬃﬃﬃﬃﬃ
2c
p
;
s ¼ 1;2; xP 0: ð4:11Þ
Far from the defect, i.e. for jnj  1, the discrete (4.8) and the two-
ﬁeld (4.11) solutions coincide. Near the defect both solutions (4.8)
and (4.11) vary rapidly. Equation l2  2c = 0 for the coefﬁcient l
deﬁnes the decreasing rate of the solution to the two-ﬁeld model.
This equation is a truncated Taylor series expansion of the equation
2½coshðkÞ  1  2c ¼ k2  2c þ oðk4Þ for similar coefﬁcient k in the
discrete solution. Fig. 12(b) illustrates describing of slowly and rap-idly varying displacements in discrete system by using two slowly
varying functions in two-ﬁeld model.
Rapidly varying distortions, similar to that appearing near a de-
fect, can also take place near a boundary or near a concentrated
force as illustrated by Fig. 12(c) and 12(d). One can see that both
slowly and rapidly varying displacements may be accurately de-
scribed by using two slowly varying functions. The two-ﬁeld model
can be effectively used in these cases too.
5. Stability problems
Application of the multi-ﬁeld theory to the stability problems
will be demonstrated for the two examples: (i) stability of the axi-
ally loaded chain of hinged rods on elastic supports and (ii) stabil-
ity of the cylindrical shell periodically stiffened by frames under
hydrostatic pressure.
5.1. Discrete system
5.1.1. Discrete model
Buckling of pin-ended system consisting of N + 1 rigid rods con-
nected by elastic hinges on elastic supports under axial load
(Fig. 13) is a classical problem of stability theory (Timoshenko,
1936). One is looking for the minimal value of the axial load p,
for which the boundary value problem for the discrete stability
equation
ch
wnþ2  4wnþ1 þ 6wn  4wn1 þwn2
h4
þ pwnþ1  2wn þwn1
h2
þ k
h
wn ¼ 0; n ¼ 1;N; ð5:1Þ
w0 ¼ 0; w1  2w0 þw1 ¼ 0;
wNþ1 ¼ 0; wNþ2  2wNþ1 þwN ¼ 0;
Fig. 14. Relative error jðpc  pdÞ=pd j% in case when dimensionless critical loads for
the discrete system, pd , are obtained by using the single-ﬁeld (solid line, number
‘‘1”) and the two-ﬁeld (dashed line, number ‘‘2”) models, which give the critical
value pc .
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hinges and supports, respectively, h is the length of the rods, and
wn are the transverse displacements of hinges (Fig. 13).
5.1.2. Single-ﬁeld model
By using Taylor series expansions of displacements in Eq. (5.1)
and taking into account derivatives up to fourth order in the stabil-
ity equation and up to second order in the boundary conditions, we
obtain the following stability equation and boundary conditions of
the single-ﬁeld model:
chwIV þ p w00 þ h
2
12
wIV
 !
þ k
h
w ¼ 0; 0 < x < L ð5:2Þ
wð0Þ ¼ 0; w00ð0Þ ¼ 0; wðLÞ ¼ 0; w00ðLÞ ¼ 0
where L = (N + 1)h is the system length. This is the well-known sta-
bility problem for a pin-ended beam on the elastic foundation. By
obtaining this continuum model, one ﬁnds the effective bending
rigidity, ch, and the effective rigidity of elastic foundation, k/h. Let
us note that the term h2wIVp/12 and, hence, parameter h is not ta-
ken into account by the classical equation, i.e. the classical model
is local.
5.1.3. Two-ﬁeld stability model
The single-ﬁeld model was derived by using single primitive
translational cell of the structure and single function for displace-
ments of hinges describing the buckling mode. In order to obtain
the two-ﬁeld model we consider a macrocell with two primitive
translational cells that includes two hinges. Displacements of even
and odd hinges are denoted as un and vn, respectively. We rewrite
Eq. (5.1) for the hinges of a macrocell in the form
ch
h4
ðun2  4vn1 þ 6un  4vnþ1 þ unþ2Þ
þ p
h2
ðvn1  2un þ vnþ1Þ þ khun ¼ 0;
ch
h4
ðvn1  4un þ 6vnþ1  4unþ2 þ vnþ3Þ
þ p
h2
ðun  2vnþ1 þ unþ2Þ þ khvnþ1 ¼ 0: ð5:3Þ
The two-ﬁeld model uses two ﬁeld functions, u(x) and v(x), to de-
scribe displacements of hinges. By using Taylor series expansions
of displacements taking into account derivatives up to fourth order
we come to the set of coupled equations of the two-ﬁeld model
(Vasiliev, 1993). In terms of the new functions,
U ¼ 12 ðuþ vÞ; V ¼ 12 ðu vÞ, this set of equations uncouples:Fig. 15. (a) Approximation of the long-wave buckling mode of the discrete system by sl
(they coincide) of the two-ﬁeld model, (b) the short-wave buckling mode varies rapidly
accurately described by two slowly varying functions of the two-ﬁeld model.chUIV þ p U00 þ h
2
12
UIV
 !
þ k
h
U ¼ 0; ð5:4Þ
4ch
5
12
V IV þ 2
h2
V 00 þ 4
h4
V
 
 p 4
h2
V þ V 00 þ h
2
12
V IV
 !
þ k
h
V ¼ 0: ð5:5Þ5.1.4. Comparison of the models
The relative error of the single-ﬁeld model in estimation of the
dimensionless critical loads p ¼ p=
ﬃﬃﬃﬃﬃ
kc
p
of discrete system consist-
ing of nine rods, N = 8, is shown in Fig. 14 by solid line as the func-
tion of dimensionless parameter L ¼ L
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðk=hÞ=ch4
p
. One can see that
the single-ﬁeld model gives a good accuracy for small values of L,
when long-wave buckling modes take place and gives a consider-
able error for large values of L, when the buckling modes are of
short-wavelength type. We should note that the short-wavelength
buckling modes take place very often in practice in the case of suf-
ﬁciently rigid supports.
The ﬁrst equation (5.4) of the two-ﬁeld model coincides with
the stability equation of the single-ﬁeld theory, Eq. (5.2). Hence,
the two-ﬁeld model includes the single-ﬁeld model and thus, it de-
scribes the long-wave buckling of the system with the same accu-
racy. The second equation (5.5) improves the conventional
continuum model, equation (5.2), for the short-wavelength modes.
The relative error of the two-ﬁeld model in the estimation of the
critical loads of the discrete system is shown in Fig. 14 by theowly varying displacement function of the single-ﬁeld model and by two functions
and the single-ﬁeld model fails in this case and (c) the short-wave buckling mode is
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rate not only for the long-wave buckling modes (small LÞ, but also
for the short-wave modes (large LÞ. Let us note that the two-ﬁeld
model improves the single-ﬁeld model in the range of parameters
where the latter one gives the greatest error.
Fig. 15(a)–(c) explain the results for the two-ﬁeld model. The
long-wave buckling modes can be accurately described by using
single slowly varying function (Fig. 15(a)) and the single-ﬁeld
model with the lowest order derivatives is sufﬁciently accurate
in this case. On the other hand, the short-wave modes vary rapidly
(Fig. 15(b)) and the model deﬁned by Eq. (5.2) with the lowest
order derivatives gives a very poor accuracy. Fig. 15(a) and (c)
show that both long-wave and short-wave buckling modes can
be accurately described by using two slowly varying functions
and hence, the two-ﬁeld model demonstrates a good accuracy in
both cases.
5.2. Continuum system
Here we demonstrate how to obtain a multi-ﬁeld model in the
case when primitive translational cell is a continuum system. As an
example, we consider a stability problem for cylindrical shell peri-
odically stiffened by elastic frames and loaded by uniform external
pressure p (Fig. 16). We use a structural model considered in the
work (Alfutov, 2000). The stability equation for the shell between
neighboring frames, ma 6 x 6 (m + 1)a, has the form
LUm ¼ 0; L ¼ Bx @
4
@x4
þ Du
R6
@4
@u4
@4
@u4
þ 2 @
2
@u2
þ 1
 !
þ p
R3
@4
@u4
@2
@u2
þ 1
 !
; ð5:6Þ
where Um x;uð Þ is the displacement function. The equation for
circumferential displacement Vm(u) of the axial line of mth frame is
EJ
@2
@u2
@4Vm
@u4
þ 2 @
2Vm
@u2
þ Vm
 !
¼ R4 Sm1ðaÞ  Smð0Þð Þ; ð5:7Þ
where Sm is shear force, @Sm@u ¼ BxR @
3Um
@x3 . There are four compatibility
conditions for each frame.
We will eliminate the internal degrees of freedom describing
the shell spans and obtain the discrete systems describing the
behavior of the frames. The single-ﬁeld and the multi-ﬁeld models
can be obtained for these discrete equations by using the technique
described in above.
We look for solutions to Eq. (5.6) of the formUm(x,u) = Xm(x)einu.
Substituting this into Eq. (5.6) we come to an ordinary differential
equation of fourth order for the function Xm(x) for the shell section
between mth and (m + 1)th frames. Solution of this equation in-Fig. 16. Cylindrical shell periodically stiffened with elastic frames and loaded with
uniform external pressure p.cludes four integration constants. By using the four compatibility
conditions the integration constants can be eliminated and the
following ﬁnite difference equations for U0m ¼ Xmð0Þeinu can be
obtained:
U0mþ2 þ 2U0m þU0m2  f k
 
U0mþ1 þU0m1
 
þ g k U0m ¼ 0;
where
f k
  ¼ 2 cos kþ cosh k þ c
2k3
sin k sinh k ;
g k
  ¼ 4 cosh k cos kþ ck3 cosh k sin k sinh k cos k ;
k ¼ ka; a ¼ a
R
; k4 ¼ R
Bx
n4 n2  1  p Du
R3
n2  1 	 
;
c ¼ EJa
3
BxR
3 n
4 n2  1 2:
By using Taylor series expansion of functions g k
 
and f k
 
,
f k
  ¼X1
r¼0
4
ð4rÞ!þ
1
ð4r þ 3Þ! c
	 

k4
 r
;
g k
  ¼X1
r¼0
ð1Þr4rþ1 1ð4rÞ!þ
1
ð4r þ 3Þ! c
	 

k4
 r
;
after replacements n! i @
@uwe come to differential with respect to u
and difference with respect to x non-local equation
LU ¼ 0; L ¼ r2arþ2a þ 4ð Þ þ G1  F1 rarþa þ 2ð Þ; ð5:8Þ
where the following notations for difference and differential opera-
tors are used:
rnU x;uð Þ ¼  U x n;uð Þ U x;uð Þ½ ;
Fs ¼
Xs
r¼0
4
ð4rÞ!þ
1
ð4r þ 3Þ! Lc
	 

aKð Þ4r ;
Gs ¼
Xs
r¼0
ð1Þr4rþ1 1ð4rÞ!þ
1
ð4r þ 3Þ! Lc
	 

aKð Þ4r;
Lc ¼ EJa
3
BxR
3
@4
@u4
@2
@u2
þ 1
 !2
;
K4 ¼  R
Bx
@4
@u4
@2
@u2
þ 1
 !
pþ Du
R3
@2
@u2
þ 1
 !" #
:
The single-ﬁeld and the multi-ﬁeld models based on Eq. (5.8) can be
obtained in a way similar to that applied to the discrete systems,
i.e., by using Taylor series expansion with respect to x, retaining
up to fourth order derivatives (Vasiliev, 1993, 1994).
Comparison of the models is carried out for the solutions of the
form U x;uð Þ ¼ Uei kxþnuð Þ.
The equation of the single-ﬁeld theory is the classical homoge-
neous equation for orthotropic shell with averaged characteristics
when the stiffness of frame is smeared out along the cell of period-
icity. This model is accurate for long-wave buckling modes with a
half-wave containing several frames. The two-ﬁeld model includes
the equation of the single-ﬁeld model and it has another equation
that improves the single-ﬁeld model giving an accurate approxi-
mation not only for small buckling mode wavenumbers k, but also
for k close to p/a. Accuracy of the models is illustrated by Fig. 17,
where the dimensionless critical pressure p ¼ p=pa, obtained by
minimization of p ¼ pðn; kÞ on n, is presented as the function of k.
The results obtained by using the structural model, the single-ﬁeld,
and the two-ﬁeld models are marked by ‘‘0”, ‘‘1” and ‘‘2”,
respectively.
Fig. 17. Dimensionless critical pressure as the function of wave number of the
buckling mode calculated by using the structural inhomogeneous, the homoge-
neous single-ﬁeld, and the homogeneous two-ﬁeld models, shown by curves ‘‘0”,
”1”, and ”2”, respectively.
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6.1. Elastically hinged molecule model
Elastically hinged molecule model (EHMmodel) was introduced
by Dmitriev et al. (1997) and used for modeling domain walls in
crystals (Dmitriev et al., 1997; Shigenari et al., 1997). The
one-dimensional crystal is modeled by a chain of undeformable
molecules (Fig. 18(a)) linked to each other by the elastic hinges
with rigidity c. The chain is compressed by the axial force p.
The transversal displacement of nth hinge is denoted by un.
Each hinge of the chain is in the external anharmonic potential
ku2n=2þ su4n=4; k > 0; s > 0.
Equation of motion for nth hinge has the form
m
d2un
dt2
þ c 1
h2
unþ2  4unþ1 þ 6un  4un1 þ un2ð Þ
þ p1
h
unþ1  2un þ un1ð Þ þ kun þ su3n ¼ 0: ð6:1Þ
The role of the elastic hinges and the non-linear elastic supports
is to keep the chain as a straight line while the compression force
tends to destroy the horizontal arrangement of molecules. The
competition between these two factors gives rise to modulation
instability in the system.
6.2. N-periodic static structures
Obviously, equation of motion (6.1) has a trivial solution un = 0.
A few types of N-periodic solutions, for which un = un+N, can be
found.Fig. 18. (a) Chain of elastically hinged, rigid molecules in the non-linear background po
structures (solid line), and their approximations by slowly varying interpenetrating ﬁeldThe solution with the period N = 2 has the form
w2n ¼ w2n1 ¼ Y2; Y2 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4P  16F  1
p
; ð6:2Þ
where wn ¼ un
ﬃﬃﬃﬃﬃﬃﬃ
s=k
p
; F ¼ c=kh2; P ¼ p=kh. The sign ‘+’ corresponds
to the structure with even nodes up and odd ones down and the
sign ‘’ vice versa. This solution exists if P > 4F + 1/4.
The solution with the period N = 3 has the form
w3n ¼ Y3; w3n1 ¼ w3n2 ¼ aY3; Y3 ¼ A; A > 0: ð6:3Þ
This solution exists if P > 3F + 1/3. Again, we have ‘+’ and ‘’
structures.
The ‘+’ and ‘’ four-periodic solutions are
w4n ¼ w4n1 ¼ w4n2 ¼ w4n3 ¼ Y4;
Y4 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2P  4F  1
p
; ð6:4Þ
which exists if P > 2F + 1/2.
6.3. Multi-ﬁeld soliton solutions
Multi-ﬁeld models can help to obtain approximate solutions
describing moving domain walls in periodic structures. As an
example, we will derive the domain wall solutions in the two-peri-
odic structure.
Firstly, one can try to obtain solution using the single-ﬁeld
model. The single-ﬁeld long-wave continuum analogue to the dis-
crete equation (6.1) has the form
mutt þ h2 c þ 112 ph
 
uxxxx þ phuxx þ kuþ su3 ¼ 0: ð6:5Þ
However, the single-ﬁeld equation (6.5) does not support the static
2-periodic solution, Eq. (6.2).
We now use the equations written for the macrocell consisting
of two hinges,
m
d2u½1n
dt2
þ c 1
h2
u½1nþ2  4u½2nþ1 þ 6u½1n  4u½2n1 þ u½1n2
 
þ p1
h
u½2nþ1  2u½1n þ u½2n1
 
þ ku½1n þ s u½1n
 3 ¼ 0;
m
d2u½2nþ1
dt2
þ c 1
h2
u½2nþ3  4u½1nþ2 þ 6u½2nþ1  4u½1n þ u½2n1
 
þ p1
h
u½1nþ2  2u½2nþ1 þ u½1n
 
þ ku½2nþ1 þ s u½2nþ1
 3
¼ 0
and introduce the two continuum displacement functions, u[1](x, t)
and u[2](x, t). Applying the procedure described above one obtains
the two-ﬁeld model,
mu½1tt þ Lu½1 þ ~L u½2  u½1
  ¼ 0;tential. (b)–(d) Moving domain walls in the two-, three-, and four-periodic discrete
functions in the corresponding multi-ﬁeld theories (dashed lines).
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  ¼ 0; ð6:6Þ
where we have introduced the following operators:
Lu ¼ h2 c þ 1
12
ph
 
uxxxx þ phuxx þ kuþ su3;
~LDu ¼ h2 1
3
c þ 1
12
ph
 
Duxxxx þ 4c þ hpð ÞDuxx
þ 1
h2
8c þ 2phð ÞDu:
In this case, the equations of the two-ﬁeld model cannot be uncou-
pled due to the presence of non-linearity.
Introducing dimensionless variables, s ¼ t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k=m
p
; n ¼ x=h, and
inserting w[1](n,s) = w[2](n,s) =  Y2 = const into Eq. (6.6) one ob-
tains the continuum analogue of the 2-periodic static solution for
discrete system, Eq. (6.2).
Substituting
w½1 n; sð Þ ¼ w½2 n; sð Þ ¼W n vsð Þ ð6:7Þ
in to Eq. (6.6), and keeping only second order derivatives, one ob-
tains the equation BWgg + AW W3 = 0, where g = n  vs,
A = 4P  16F  1, B = (P  8F)  v2, which supports the following
traveling kink solution:
WðgÞ ¼ 
ﬃﬃﬃ
A
p
tanh
ﬃﬃﬃﬃﬃﬃ
AB
2
r
g g0ð Þ
 !
: ð6:8Þ
This result can be rewritten in the form,
wnðsÞ ¼ ð1Þn
ﬃﬃﬃ
A
p
tanh
ﬃﬃﬃﬃﬃﬃ
AB
2
r
ðn n0Þ  vs½ 
 !
; ð6:9Þ
which gives an approximate, moving domain wall solution for the
discrete system in dimensionless form. The solution describes a
smooth conjugation between ‘+’ and ‘’ structures and for jnj?1
it gives the static 2-periodic solution (6.2). The solution exist for
A > 0 and B > 0. The second condition deﬁnes the limiting value of
the propagation velocity.
Fig. 18(b) presents the domain wall solution in the 2-periodic
structure with rapidly varying displacements of hinges in the dis-
crete system (solid line) and the two-ﬁeld approximation for this
solution by two interpenetrating kinks (dashed lines).
The three- and four-ﬁeld models describing the domain walls in
the three- and in the four-periodic static solutions given by Eq.
(6.3) and Eq. (6.4), respectively, were derived and studied in Dmi-
triev et al. (1997), Shigenari et al. (1997). Fig. 18(c) and (d) show
the moving domain wall solutions in the three- and four-periodic
structures in discrete system deﬁned by Eq. (6.1). The dashed lines
show how the displacements of hinges are approximated by the
interpenetrating slowly varying functions in the corresponding
multi-ﬁeld models.
7. Discussion and conclusions
We have considered the basic concepts, models, and methods of
the multi-ﬁeld continuum theory for the structured solids and
periodic structures. Below we discuss possible applications, the
reasons of the success and the directions of further development
of the multi-ﬁeld approach.
7.1. Possible applications of the multi-ﬁeld theory
Generalized continuum models typically include the conven-
tional continuummodel as a particular case. However, the general-
ized modes are more complicated and their use is justiﬁed only inthe cases when a simpler theory does not give an adequate result
in describing some essential phenomena. One of the problems of
the generalized mechanics is the search for the practical problems
where the conventional theory does not work and to offer a theory
capable of solving these problems.
Since the multi-ﬁeld theory is valid for both long-and short-
wavelength phenomena, i.e., for the phenomena occurring at both
macro- and structural levels, it is a general theory that is capable
to study any of them, and it is indispensable or even irreplaceable
for the problems when the short and long waves are coupled.
Thus, the multi-ﬁeld theories can be efﬁcient for solving the
problems with coupled long- and short-wavelength dynamics
and the problems with coupled low- and high-frequency dynam-
ics of bodies with microstructure. One of the attractive features
of bodies with periodic structure is their capability to serve as
ﬁlters for the elastic waves over certain frequency bands and polar-
izations. The need of optimization of structures for such purposes
demands the development of models valid for low and high fre-
quencies and long and short waves (Ruzzene and Scarpa, 2003,
2005; Gonella, 2007).
Multi-ﬁeld models are useful in developing of continuum
approximations for spatially localized short-wave, high frequency
excitations that can exist and propagate in non-linear discrete sys-
tems. In physics they are known as intrinsic localized modes, or
discrete breathers (Sievers and Takeno, 1988; Flach and Willis,
1998; Flach and Gorbach, 2008).
As a promising direction for application of generalized theories
we note materials with complex microstructure that may result in
their unusual properties. As an example, materials with negative
Poisson ratio, or auxetics, were mentioned, and this ﬁeld is now
moving fast. Some results are summarized in the reviews (Konyok
et al., 2004; Yang et al., 2004). Multiscale hybrid materials with
negative Poisson’s ratio have been discussed by Pasternak and
Dyskin (2008). Unusual properties are often determined by the
complex structure of a translational cell of the body and by a
non-trivial response of the translational cell to external factors.
Conventional models frequently cannot be used for modeling such
behavior and the adequate generalized models should be used
instead.
Fracture, instability, and plastic deformation often begin at
structural level under relatively large stresses/deformations. Local
deformations in the vicinity of boundaries, concentrated forces, de-
fects or inhomogeneties can have monotonous or, in some cases,
short wavelength character. In the latter case, the multi-ﬁeld the-
ory can be useful.
As another class of problems, let us note the problems of insta-
bility and phase transitions in structural bodies. Short-wavelength
instabilities can often take place in such bodies. Compressive load-
ing of thermal or mechanical origin may lead to appearance of
short-wave displacements in structural solids. Buckling of internal
or surface layers for sufﬁciently rigid background media may have
a short-wavelength form because it may have energy smaller than
the long-wave ones. The multi-ﬁeld approach provides an ade-
quate continuum modeling for the short-wavelength instability
and for calculating the corresponding critical loads.
In Section 5 we have applied the multi-ﬁeld theory to stability
analysis of structural bodies with continuum translational cell.
Multi-ﬁeld dynamical models for layered media and layered
sphere have been derived by Il’iushina (1972) and Molodtsov
(1982). Let us note, that the idea of eliminating internal degrees
of freedom is one of the interesting ideas for generalized and, in
particular, non-local mechanics. This idea should be further devel-
oped in frame of the single-cell theories. Combination of this idea
with macrocell method in the multi-ﬁeld theory may be useful for
deriving models that take into account the intra-cell, short- and
long-wavelength deformations.
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From the physical point of view, the multi-ﬁeld theory is based
on the assumptions that change basic hypothesis of the conven-
tional theory and hence one can expect new physical results from
this theory.
Following discussion may help to understand why the multi-
ﬁeld models with low-order gradient terms provide a good approx-
imation for both slowly and rapidly varying displacements in a dis-
crete system. Long-wavelength displacements can be well
described by a single slowly varying function, but the short-wave-
length displacements can be described by a single function only if
it varies rapidly. In the long-wavelength models only the low order
gradient terms are used. Such models are correct for slowly varying
displacements but they fail in describing rapidly varying ones.
Figs. 12, 15 and 18 demonstrate that both slowly and rapidly vary-
ing displacements can be accurately approximated by several
slowly varying ﬁeld functions. Such functions coincide when dis-
placements in the discrete system vary slowly and split when they
vary rapidly. Therefore, by increasing the number of ﬁelds, the
multi-ﬁeld approach gives a natural way to describe both long-
and short-wavelength displacements by using slowly varying func-
tions and study them in the framework of continuum mechanics.
Consideration of the dispersion surfaces of the discrete model
and its continuum analogues gives another formal explanation of
the success of the multi-ﬁeld theory (Il’iushina, 1969; Vasiliev,
1993; Vasiliev et al., 2005). The N-ﬁeld theory is constructed as a
continuum analogue for the discrete system with a periodic cell
containing N primitive translational cells. The number of equations
in the discrete model increases by N times but they do not contain
any new information because the dispersion surfaces for discrete
models in this case are just the original dispersion surfaces N times
folded in the N times reduced ﬁrst Brillouin zone. However, the
N-ﬁeld continuum model, derived for a periodic cell consisting of
N primitive cells, reﬁnes the single-ﬁeld model because it gives a
piecewise approximation of the exact dispersion surface. Each
piece approximates the dispersion surface of the discrete system
in the vicinity of the point (Kx,Ky) = (0,0) of the reduced ﬁrst
Brillouin zone. Thus, the N-ﬁeld theory gives a good approximation
of the dispersion surfaces not only for long waves but also for short
waves and, in the case of multiple folding, for the waves inside the
ﬁrst Brillouin zone. This was illustrated in Section 2 for the simple
chain and in Section 3 for the Cosserat lattice.
7.3. Notes on further development of the multi-ﬁeld theory
We have discussed some achievements of the multi-ﬁeld the-
ory. Derivation and analysis of generalized continuum models on
the basis of structural models is one of the approaches to develop
phenomenological theories and to ﬁnd their interpretations and
applications. This is the reason why in our works we have focused
on the structural physical models.
The multi-ﬁeld theory can follow the directions of development
of the other ﬁeld theories. In Section 1.1. of the Introduction some
of those directions have been already mentioned: development of
the theory on the bases of a structural model or phenomenologi-
cally, development of analytical and numerical methods of analy-
sis, development of experimental methods, applications of the
theory. These branches of the ﬁeld theory have been developed
to a large extent for micropolar, non-local and higher-order gradi-
ent theories. Experimental methods for these theories have been
described, e.g., by Lakes (1995).
Historically, most of the branches of solid mechanics have been
developed before the generalized continuum theories were devel-
oped. After the micropolar, the non-local, and the higher-order gra-
dient theories were developed, they have inﬂuenced considerablysuch branches of solid mechanics as fracture mechanics and plas-
ticity theory, and they have found numerous applications in mod-
eling of structural solids taking into account the microstructure
effects (see, for example, articles cited in Section 1.2 of Introduc-
tion). Similarly, some corrections of conventional solid mechanics
may be considered in cases when the essential effects, captured
by the multi-ﬁeld theory, take place.
Overall, changing the basic hypothesis of the conventional the-
ory should lead to interesting new features of the generalized the-
ories and they should be studied and discussed. This was one of the
leading ideas for the authors in their efforts.Acknowledgments
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